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Abstract
In a recent paper we provided a characterization of triangular maps of the square, i.e., maps given
by F(x, y) = (f (x), gx(y)), satisfying condition (P1) that any chain recurrent point is periodic. For
continuous maps of the interval, there is a list of 18 other conditions equivalent to (P1), including
(P2) that there is no infinite ω-limit set, (P3) that the set of periodic points is closed and (P4) that
any regularly recurrent point is periodic, for instance. We provide an almost complete classifica-
tion among these conditions for triangular maps, improve a result given by C. Arteaga [C. Arteaga,
Smooth triangular maps of the square with closed set of periodic points, J. Math. Anal. Appl. 196
(1995) 987–997] and state an open problem concerning minimal sets of the triangular maps. The
paper solves partially a problem formulated by A.N. Sharkovsky in the eighties. The mentioned open
problem, the validity of (P4) ⇒ (P3), is related to the question whether some regularly recurrent
point lies in the fibres over an f -minimal set possessing a regularly recurrent point. We answered
this question in the positive for triangular maps with nondecreasing fiber maps. Consequently, the
classification is completed for monotone triangular maps.
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Denote by I the closed interval [0,1] ⊆ R with the induced topology, by I 2 the Carte-
sian product I × I , by X an arbitrary compact metric space with metric dX . If A ⊆ X then
A is the closure of A. Let C(X) denote the set of continuous maps of X into itself.
Take ϕ ∈ C(X) and x ∈ X. Define inductively the nth iteration of ϕ by ϕ0(x) = x,
and ϕn(x) = ϕ(ϕn−1(x)). The trajectory of x is the sequence {ϕn(x)}∞n=0, and the set of
limit points of the trajectory of x is the ω-limit set ωϕ(x) of x. Let ω(ϕ) =⋃x∈X ωϕ(x).
A point x is a periodic point of ϕ, if ϕp(x) = x for some positive integer p. The minimal
set containing a periodic point x of ϕ and invariant under ϕ, is a periodic orbit of ϕ, and
its cardinality is the period of x. Let Fix(ϕ) and P(ϕ) be the set of fixed points (periodic
points with the period equal to 1) and periodic points of ϕ, respectively. A point x is
nonwandering if for every open neighborhood U of x there is an n ∈N such that ϕn(U)∩
U = ∅. Denote by Ω(ϕ) the set of nonwandering points of ϕ. In general, if we put Ω1(ϕ) =
Ω(ϕ) and Ωn+1(ϕ) = Ω(ϕ|Ωn(ϕ)), n ∈ N, we can obtain a decreasing sequence of closed
sets. By using transfinite induction until we get nothing smaller, we obtain a centre C(ϕ).
Let ε > 0, and let x, y be points of X. An ε-chain from x to y is a finite se-
quence {x0, x1, . . . , xn} of points in X with x = x0, y = xn and dX(ϕ(xk−1), xk) < ε for
k = 1,2, . . . , n. A point x is chain recurrent if and only if, for every ε > 0, there is an
ε-chain from x to itself. Let CR(ϕ) denote the set of all chain recurrent points of ϕ.
A point x ∈ X is called recurrent if x ∈ ωϕ(x), i.e., for any neighborhood U of x there
exists an integer m > 0 such that ϕm(x) ∈ U . Consequently, one can find an infinite in-
creasing sequence of return times {mi} such that ϕmi (x) ∈ U for i = 1,2, . . . . Recurrent
points can be classified depending on the properties of the sequence {mi}. For instance
if, for any neighborhood U , {mi} is relatively dense in N, then x is a uniformly recurrent
point. If, for any U , there is an integer m such that mi = m · i, the point x is regularly
recurrent. We denote by R(ϕ), UR(ϕ) and RR(ϕ) the set of recurrent, uniformly recurrent
(sometimes called almost periodic or regularly recurrent) and regularly recurrent (some-
times called isochronously recurrent or almost periodic) points, respectively. Recall that
any uniformly recurrent point x is characterized as a member of a minimal set formed by
the closure of the forward orbit of x under the map ϕ. A set A is ϕ-minimal (or simply
minimal) if it is nonempty, closed and ϕ-invariant and no proper subset of A has these
three properties. The mentioned sets can be ordered by inclusions in the following way,
see, e.g., [3].
P(ϕ) ⊆ RR(ϕ) ⊆ UR(ϕ) ⊆ R(ϕ) ⊆ ω(ϕ) ⊆ Ω(ϕ) ⊆ CR(ϕ),
R(ϕ) ⊆ C(ϕ) ⊆ Ω(ϕ). (1)
Take a metric space X and ϕ ∈ C(X). Consider the set M(X) of Borel probabilistic
measures endowed with the usual weak topology. Then µ ∈M(X) is ϕ-invariant if µ(A) =
µ(ϕ−1(A)), for any measurable A ⊆ X. If, for any ϕ−1-invariant set A, either µ(A) = 0 or
µ(A) = 1, then the invariant measure µ is ergodic.
By a triangular map we mean a continuous map F :X × I → X × I of the form
F(x, y) = (f (x), gx(y)) where f ∈ C(X) and gx ∈ C(I) for all x ∈ X. The maps f , gx
and the set Ix := {x} × I are called the base map, the fibre map and the layer (fibre) over
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triangular maps on X × I with nondecreasing fiber maps, respectively.
A cycle (periodic orbit) P of an f ∈ C(I) of period m = 2k , where k  1, is simple
[2] if for any points x1 < x2 < · · · < xn in P where m = nr , r  1 and n  2, such that
{x1, x2, . . . , xn} is periodic orbit of f r , we have
f r
({x1, x2, . . . , xn/2})= {xn/2+1, xn/2+2, . . . , xn}.
A cycle α of a triangular map F ∈ T (I) is simple [8] if the first canonical projection of
α, π(α), forms a simple cycle of the base map f and, for any x ∈ π(α), the set α ∩ Ix is a
simple cycle of the map Fm|Ix , where m denotes the period of x.
2. Problems and main results
Consider the following list of conditions taken from [6] (choose X and ϕ in accordance
with context):
(P1) P(ϕ) = CR(ϕ).
(P2) CR(ϕ) = {x ∈ X | ∃n(x): ϕ2n(x) = x}.
(P3) CR(ϕ) is the union of all simple cycles of the map ϕ.
(P4) ∀x ∈ X: ωϕ(x) is a cycle.
(P5) ∀x ∈ X: ωϕ(x) is a simple cycle.
(P6) P(ϕ) = Ω(ϕ).
(P7) P(ϕ) = ω(ϕ).
(P8) P(ϕ) = C(ϕ).
(P9) P(ϕ) = R(ϕ).
(P10) P(ϕ) = UR(ϕ).
(P11) P(ϕ) = P(ϕ).
(P12) Ω(ϕ) = {x ∈ X | ∃n(x): ϕ2n(x) = x}.
(P13) ω(ϕ) = {x ∈ X | ∃n(x): ϕ2n(x) = x}.
(P14) C(ϕ) = {x ∈ X | ∃n(x): ϕ2n(x) = x}.
(P15) R(ϕ) = {x ∈ X | ∃n(x): ϕ2n(x) = x}.
(P16) UR(ϕ) = {x ∈ X | ∃n(x): ϕ2n(x) = x}.
(P17) Any invariant ergodic measure is concentrated on a cycle.
(P18) RR(ϕ) = {x ∈ X | ∃n(x): ϕ2n(x) = x}.
(P19) P(ϕ) = RR(ϕ).
It is known that these conditions are mutually equivalent for any continuous map of
the interval (see Proposition 1). The main purpose of this paper is to investigate relations
among the mentioned conditions considered for simple extensions of the interval maps, for
triangular maps.
Before proving the main theorems we call attention to a problem concerning the tri-
angular maps. Concerning the validity of (P6) ⇒ (P11), some partial results appeared in
the middle of nineties, cf., e.g., [1,7]. Surprisingly, the complete solution of this problem
(Proposition 3) was already stated by Efremova [5] at the end of eighties. Since this paper is
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in Section 3.
As regards the remaining implications, Theorems 1 and 2 form the main results obtained
in this paper. Laborious, rather than difficult, proofs of these theorems are included in
Section 5. More precisely, the current situation is the following. Without any restriction we
are only able to describe the relations among the first 17 conditions.
Theorem 1. Let F ∈ T (I). Then:
(i) If either (P1) (any chain recurrent point is periodic) or if (P5) (every ω-limit set is a
simple cycle) then (P11) (the periodic point set P(F) is closed);
(ii) no other implication among (P1), (P5) and (P11) is true;
(iii) the conditions (P1) (any chain recurrent point is periodic), (P2) (any chain recurrent
point is a periodic point whose period is a power of 2) and (P3) (the chain recurrent
point set CR(F ) is the union of all simple cycles) are mutually equivalent;
(iv) the conditions (P4) (every ω-limit set is a cycle) and (P5) (every ω-limit set is a simple
cycle) are equivalent;
(v) (P6)–(P17) are mutually equivalent, i.e.,
• If any of the sets UR(F ), R(F), C(F), ω(F) and Ω(F) consists entirely of periodic
points, then all these sets are closed and equal to the periodic point set P(F). In
particular, this holds if P(F) is a closed set;
• P(F) is closed if and only if any invariant ergodic measure is concentrated on a
cycle;
• if any of the sets UR(F ), R(F), C(F), ω(F) and Ω(F) consists entirely of periodic
points all of whose periods are powers of 2, then all these sets are closed and equal
to the periodic point set P(F). In particular, this holds if P(F) is a closed set.
Corollary. Thus, all implications among the conditions (P1)–(P17) can be displayed by
the following diagram:
(P1)–(P3) ⇒ (P6)–(P17) ⇐ (P4), (P5). (2)
For completeness, it should be noted that, for F ∈ T (I), there is known a necessary and
sufficient condition for P(F) = CR(F ), see [11]. But this condition needs some specific
properties of the triangular maps, hence we do not include this condition into the above-
mentioned list of conditions.
Since it is easy to clarify some relations among (P11), (P18) and (P19), see Lemma 13,
we can complete (2) by
(P6)–(P17) ⇒ (P18) ⇒ (P19). (3)
Unfortunately, the validity of the converses of the three implications in (3) is open. These
open implications are closely related to the more general problem (for details see Section 4)
whether any minimal set of a triangular map contains a regularly recurrent point lying in a
fibre over a regularly recurrent (but nonperiodic) point of the base map. Here the base map
can be considered on arbitrary compact metric space X. We answered this question only
for triangular maps with nondecreasing fiber maps (Lemma 7).
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There is a minimal set M of a triangular map without almost recurrent points such that
the projection of M is an infinite odometer, i.e., a minimal set consisting only of regularly
recurrent points. But we may ask another question:
If a minimal set of the base map possesses a regularly recurrent point, is there a regu-
larly recurrent point for the map on fibres?
Some partial results concerning this problem in the general case (on X × I ) are already
known [12] but are not included in this paper.
As follows from the two foregoing paragraphs, we provide a complete solution of the
above mentioned problem for triangular maps of the square with monotone fiber maps.
More precisely, we have the following.
Theorem 2. Let F ∈ Tm(I). If (P19) any regularly recurrent point is periodic then (P11)
the periodic point set is closed. Thus (due to Theorem 1 and (3)) all implications connecting
conditions (P1)–(P19) can be displayed by the following diagram:
(P1)–(P3) ⇒ (P6)–(P19) ⇐ (P4), (P5). (4)
3. Nonwandering points
Proposition 1. [6] Let f ∈ C(I). Then (P1)–(P19) are mutually equivalent.
A map f ∈ C(I) is turbulent if there exist compact intervals J,K ⊆ I with at most one
point in common such that J ∪ K ⊆ f (J ) ∩ f (K). A fixed point x is right s-invariant
if there is a right neighborhood U of x such that f (U) ∩ [0, x) = ∅. A left s-invariant
fixed point is defined analogously. Finally, a fixed point x is s-invariant if it is both right
and left s-invariant. Let z be a periodic point of f . The unstable manifold of z is the set
W(z,f ) =⋂ε>0⋃m0 f m((z − ε, z + ε)). The right unstable manifold of x is the set
WR(z,f ) =⋂ε>0⋃m0 fm((z, z + ε)). The left unstable manifold WL(z,f ) is defined
analogously.
Lemma 1. Let f ∈ C(I) be not turbulent and let x ∈ Fix(f ).
• If f (α) > x for some α < x, then f (z) > α for any z ∈ [α,x].
• If f (β) < x for some β > x, then f (z) < β for any z ∈ [x,β].
Proof. If, on the contrary, f (z) α for some z ∈ [α,x] then f ([α, z])∩f ([z, x]) ⊇ [α,x]
and consequently, f would be turbulent. The proof of the second implication is similar. 
It should be noted that, see [3] for instance, P(f ) is not closed whenever some iteration
of f ∈ C(I) is turbulent.
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then there is an arbitrarily small open right neighborhood U of x such that
if y ∈ U but f (y) /∈ U then f n(y) /∈ U for all n > 0. (5)
Proof. If there are arbitrarily small invariant right neighborhoods of x, the statement is
vacuously true. So assume the other case, i.e., the right unstable manifold WR(x,f ) of x
is a right neighborhood of x.
Consequently, there exists a decreasing sequence {xn}∞n=0 such that limxn = x and
f (xn+1) = xn for any n 0. We show that
f
([xn+1, xn])⊆ [xn+1,1] for any n ∈N. (6)
Assume f (t) < xn+1 for some t ∈ (xn+1, xn). Put T = [xn+1, t] and S = [t, xn]. Since
f (xn+1) = xn for any n ∈ N, we have f (T ) ∩ f (S) ⊇ S ∪ T = [xn+1, xn], i.e., f is
turbulent—a contradiction.
Let A be the set of all preimages of x in (x,1]. If A = ∅ then (6) implies that there
exists xn arbitrarily close to x for which [xn,1] is invariant. Consequently, (6) also shows
that UR = [x, xn) satisfies (5). So assume A = ∅. Then
f−1(c)∩ (x, c) = ∅ for any c ∈ A, (7)
since otherwise there would be z = f−1(c) ∈ (x, c) such that the sets J = [x, z], K = [z, c]
would satisfy J ∪K ⊆ f (J )∩ f (K). Hence f would be turbulent, a contradiction.
Analogously, (7) implies that WR(x,f ) ∩ A = ∅ and hence that A is closed. Since any
point of WR(x,f ) \ WR(x,f ) is periodic and A ∩ P(f ) = ∅ by the choice of A, we have
WR(x,f ) ∩ A = ∅. Accordingly, by the definition of WR(x,f ), there exists a δ > 0 such
that no point of A lies in an invariant set B :=⋃n∈N f n([x, x + δ)). Taking f := f |B , the
problem now reduces to the case A = ∅. 
Lemma 3. Let f ∈ C(I) and suppose P(f ) = P(f ). Then for any x ∈ Fix(f ), there is an
arbitrarily small open neighborhood U of x satisfying (5).
Proof. Let the assumptions be fulfilled. We show that there is an arbitrarily small open
neighborhood U of x satisfying (5). If x is s-invariant, the conclusion is an easy conse-
quence of Lemma 2. Thus we distinguish two cases: (i) x is only one-sided s-invariant, and
(ii) x is neither left nor right s-invariant.
(i) Without loss of generality, we may assume that x is right s-invariant and not left
s-invariant. By Lemma 2, there is a right neighborhood UR = [x,u) satisfying (5). Since x
is not left s-invariant, we may assume that there exists a maximal preimage v of u in [0, x).
Clearly, U = (v,u) can be arbitrarily small and, since f ((v, x]) ⊆ U by Lemma 1 (α = v),
also satisfies (5).
(ii) Since x is neither left nor right s-invariant, for any y ∈ (x,1] sufficiently close to x,
there exists a maximal preimage vy of y in [0, x). If there were arbitrarily small closed
invariant neighborhoods Uy = [vy, y], the proof would be finished. So assume that, for
some y0 ∈ (x,1], no neighborhood Uy ⊆ Uy0 of x is invariant. Since Uy0 is not invariant,
minf (Uy ) < v0 = vy . Thus, any point of [v0, x) has its minimal preimage in (x, y0].0 0
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quence {vn}∞n=0 ⊆ [v0, x) such that, for any n  0, vn is the maximal preimage of yn in[v0, x) and yn+1 is the minimal preimage of vn in (x, y0]. Obviously, for any n  0,
f 2(yn+1) = yn and f 2(vn+1) = vn. Hence, if p = limvn and q = limyn, the continuity
of f implies q = f (p) and p = f 2(p), i.e., p,q form a periodic orbit.
If p < q , by the choice of {yn}∞n=0 and {vn}∞n=0, the set [p,q] ⊆ Uy0 is invariant and this
contradicts the choice of y0. Thus, p = x = q . Since {yn}∞n=0 is decreasing and f 2(yn+1) =
yn for n  0, any point c ∈ (x, y0] has an f 2-preimage in (x, c). Accordingly to (7), no
f 2-preimage of x lies in (x, y0], i.e., the point x is right s-invariant with respect to f 2. The
problem now reduces to the previous cases. 
Lemma 4. [3] Let f ∈ C(I) and let {xi = f i(x)}n−1i=0 be the orbit of a periodic point x of
period n. If f n is not turbulent and i = j , then xi /∈ W(xj , f n).
Lemma 5. Let f ∈ C(I) be such that P(f ) = P(f ) and let x ∈ P(f ) with period 2n. Then
there exists an arbitrary small open neighborhood U of x such that if f k(U) ∩ U = ∅,
then k is divisible by 2n.
Proof. Assume, contrary to what we wish to show, that for any open neighborhood U of x
there is an integer k not divisible by m = 2n such that f k(U)∩U = ∅. Let {xi = f i(x)}m−1i=0
be the orbit of x.
Let {Ui}∞i=1 be a decreasing sequence of open neighborhoods of x0 and {ki}∞i=0 an in-
creasing sequence of positive integers not divisible by m such that
lim
i→∞ diamUi = 0 and f
ki (Ui)∩Ui = ∅. (8)
Choose 1  ri < m such that ri ≡ ki (mod m). Then there is an r such that ri = r , for
infinitely many i; we may assume that ri = r for all i. Since f ki (Ui) ∩ Ui = ∅, for any i
there is a ti in N such that
∅ = f m−r(f ki (Ui)∩Ui)⊆ f ti ·m(Ui)∩ f m−r (Ui).
Consequently,
(f m)ti (Ui)∩ f m−r (Ui) = ∅. (9)
By (8), limi→∞ f m−r (Ui) = {xm−r}, hence (9) implies
xm−r ∈ W
(
x0, f m
)
. (10)
Since 0 < m− r < m, x0 = xm−r . By (10) and Lemma 4, f m would be turbulent. But this
contradicts P(f ) = P(f ). 
For a map ϕ ∈ C(X), let A(ϕ) denote any of the sets Fix(ϕ),P (ϕ),UR(ϕ), R(ϕ), ω(ϕ),
Ω(ϕ) and CR(ϕ).
Proposition 2. [9] Let F ∈ T (I), let f be the base function of F and π the canonical
projection (x, y) → x. Then
π(A(F)) = A(f ).
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periodic and if p is its period then
Ω
(
Fp
)∩ ({x} × I)= Ω(F)∩ ({x} × I). (11)
Proof. Let the assumptions be fulfilled and let f be the base function of F . Since P(F) is
closed, its canonical projection P(f ) is also closed. By Proposition 1, P(f ) = Ω(f ) and
hence, by Proposition 2, z ∈ Ω(F) implies x = π(z) ∈ P(f ).
Let z = (x, y) ∈ Ω(F) and let p be the period of x. We show Ω(F) ∩ ({x} × I ) ⊆
Ω(Fp)∩ ({x} × I ). Let U ⊆ I be an open interval containing x such that f j (U)∩U = ∅
implies j is divisible by p (cf. Lemma 5). Then, for any open neighborhood W ⊆ U × I
of z, Fn(W)∩W = ∅ implies n is a multiple of p. Consequently, z ∈ Ω(Fp). The converse
inclusion is obvious. 
Proposition 3. If F ∈ T (I) and P(F) = P(F), then P(F) = Ω(F).
Proof. Since every periodic point is nonwandering, it suffices to prove Ω(F) ⊆ P(F).
Assume that a point z is not periodic. We show that z = (x, y) is wandering, i.e. there
exists an open neighborhood W ⊆ I 2 of z of the form W = U × V , where U,V ⊆ I , such
that
W ∩ Fm(W) = ∅ for any m > 0. (12)
By Lemma 6, x ∈ P(f ). By (11), we may assume that x ∈ Fix(f ). Denote g = F |{x}×I .
Since z is not periodic and x is fixed, y /∈ P(g) and, by Proposition 1, y is not chain
recurrent under g. Consequently, see the definition, there exists an open set U ⊆ I with
g(U) ⊆ U such that y /∈ U and g(y) ∈ U .
Let ‖ · ‖ denote the uniform norm on C(I). Then there is an ε > 0 such that, for any
h ∈ C(I) with ‖g − h‖ < ε, h(y) ∈ U and h(U) ⊆ U . Since y /∈ U there is an open neigh-
borhood V ⊆ Ix of y such that
dist
(
V,
⋃
i>0
hi(V )
)
> 0 for any h ∈ C(I), ‖g − h‖ < ε.
Moreover, there exists an open neighborhood K of x, K ⊆ (x − ε, x + ε), which satis-
fies (5). Clearly W = K × V satisfies (12) and hence z /∈ Ω(F). 
4. Minimal sets
An essential part of the next proposition is stated in [4].
Proposition 4. Let X be a compact metric space containing at least two points and ϕ ∈
C(X) be such that X is minimal. Let x ∈ X be a regularly recurrent point. Then there is an
n ∈ N , a positive integer t  n and a ϕn-minimal set K = K(x,n) containing x for which
we have each of the following:
(i) X is the disjoint union of K,ϕ(K), . . . , ϕt−1(K).
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(iii) The collection {K,ϕ(K), . . . , ϕt−1(K)} is the collection of all subsets of X which are
ϕn-minimal.
(iv) For each s ∈ X, the closure of the ϕn-orbit of s is an ϕn-minimal set.
(v) For any open neighborhood U of x there is an k ∈ N and ϕk-minimal set K(x, k)
containing in U .
Proof. Conclusions (i)–(iv) have been proved in [4] by Block and Keesling. The definition
of the regular recurrence easily implies (v). 
The next lemma is the main result of this section.
Lemma 7. Let F ∈ Tm(X) and M ⊆ X×I be an infinite F -minimal set whose projection is
an infinite minimal set Q ⊆ X of the base map f . If Q∩ RR(f ) = ∅ then M ∩ RR(F ) = ∅.
Proof. Let the assumptions be fulfilled. Since M is a closed set, each Mx := M ∩ Ix is also
closed. Thus, the function m :Q → [0,1], x → max(Mx), is defined correctly. Clearly, it
is upper semicontinuous and, consequently, there is a residual set D1 ⊆ Q of points at
which the function m is continuous. Moreover, it is known [10], that if a minimal set Q
contains a regularly recurrent point then there is Gδ-dense, and hence residual, subset D2
of Q consisting only of regularly recurrent points. Because the residual sets D1 and D2
have a nonempty intersection, there is a regularly recurrent point x at which the function
m is continuous.
We show that the point z := (x,m(x)) is regularly recurrent. Indeed, the continuity of
m implies that for any open neighborhood V ⊆ I of m(x) there is an open neighborhood
U ⊆ X of x such that(
y,m(y)
)⊆ U × V for any y ∈ U ∩Q. (13)
By Proposition 4(i)–(iii), for some n ∈ N , there is a decomposition of Q into a finite num-
ber of f n-minimal sets. Moreover, by Proposition 4(v), we may assume that U contains ex-
actly one of them. Since x belongs to this f n-minimal set, Fnk(z) ∈ U×I for any integer k.
Recall now that all fiber maps are nondecreasing. Hence Fnk(z) = (f nk(x),m(f nk(x)))
for any k ∈ N. Thus, by (13), Fnk(z) ∈ U × V for each k ∈ N. Since the neighborhood
U × V of z can be chosen arbitrarily small, we proved the regular recurrence of z. 
The following lemma shows that triangular maps nonmonotone on the fibres admit min-
imal sets (over an infinite odometer) without regularly recurrent points.
Lemma 8. There exist F ∈ T (I) and F -minimal set without regularly recurrent points
such that its first canonical projection is contained in the set of regularly recurrent points
of the base map.
Proof. Let Q be the middle-third Cantor set. It is known that, cf. [7], Q is homeomorphic
to the space Σ = {0,1}∞ of all sequences of 0’s and 1’s and hence, any point x ∈ Q may be
identified with its corresponding sequence x = x(1)x(2)x(3) . . . . We use this fact to define
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is a minimal set without regularly recurrent points. Clearly, any continuous extension of F
onto the whole square I 2 has the same minimal set with recurrent points of the same type,
which finishes the proof.
Let the base map f :Q → Q be the adding machine, i.e., f (x ) = x + 1000 . . . , where
the adding is in base 2 and we add from the left to the right. For instance, f (0010 . . .) =
1010 . . . , f (11100 . . .) = 00010 . . . , etc. In this case, Q is an odometer, cf., e.g., [4,7].
To define the fiber maps gx take either the identity map (whenever x = 0x(2)x(3) . . .) or
the shift map σ (whenever x = 1x(2)x(3) . . .) defined by σ(a ) = a(2)a(3) . . . . We chose
the shift map since, see [4], there exists an infinite σ -minimal set S ⊆ Q without regularly
recurrent points. The set M = Q × S is clearly F -invariant and, since Q is an infinite
f -minimal set, also contains an infinite F -minimal set. To finish the proof it suffices to
show that no point of M is regularly recurrent.
Fix z ∈ M , z = (x, y). Denote by π2 the second canonical projection (x, y) → y. By
Proposition 4, since x is regularly recurrent, we may assume that, for a given neighborhood
U ⊆ X, there is an integer k such that
Fkn(z) ∈ U × I for any n ∈N. (14)
Moreover, it easily follows from the construction of F that
gn(y) = π2
(
F 2n(z)
)
for every n ∈N. (15)
Recall that a point a is not regularly recurrent under a map ϕ if there is an open neigh-
borhood G of a such that
∀s ∈N ∃t ∈N such that ϕst (a) /∈ G.
Let a neighborhood U ⊆ X of z and k ∈N satisfy (14). The point y is not regularly recur-
rent under gk , since y /∈ RR(g) and RR(g) = RR(gk). Thus, there is a neighborhood V ⊆ I
of y such that, for any integer s there is v ∈ N with gksv(y) /∈ V . Accordingly, by (15),
F st (z) /∈ W whenever W := U × V and t := 2kv. 
5. Classification
Lemma 9. Let F ∈ T (I). If P(F) is closed, then any cycle of F is simple.
Proof. Let z = (x, y) be a periodic point whose periodic orbit B is not simple. We show
that P(F) is not closed.
If π(B) is not simple, then, by Proposition 1, the periodic set of the base map is not
closed. Thus, P(F) is not closed either, a contradiction. So let π(B) be a simple periodic
orbit of the base map of a period p. Consequently, the simplicity of B is broken in a layer
Ix over a point x ∈ π(B), i.e., Bx := B∩Ix is not a simple cycle under the map g := Fp|Ix .
Hence, by Proposition 1, P(g) is not closed, which means that P(F) is not closed either
(see Proposition 2), a contradiction. 
Lemma 10. For any F ∈ T (I), properties (P6)–(P16) are mutually equivalent.
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L.S. Efremova [5] (see also Proposition 3). Consequently,
(P6) ⇔ (P7) ⇔ ·· · ⇔ (P11).
Moreover, by Lemma 9, a period of each periodic point is a power of 2, i.e., (P1) ⇒ (P12).
In accordance with this, (1) implies that (P12) ⇒ (P13) ⇒ ·· · ⇒ (P16) ⇒ (P10), the
conclusion follows. 
Lemma 11. (P11) ⇔ (P17). If F ∈ T (I), then P(F ) is closed if and only if any ergodic
measure is concentrated on a cycle.
Proof. Assume first that P(F) is not closed. There are two possibilities: either π(P (F )) =
P(f ) is not closed (Case 1), or P(f ) is closed and P(F) is not closed (Case 2). To prove
that there is an ergodic measure which is not concentrated on a cycle, it is sufficient to
show the existence of an infinite minimal set M .
Really, the restriction of F to M has an F |M -invariant measure µ by the Krylov–
Bogolubov theorem. Obviously, µ is also F -invariant. The support |µ| of µ is a nonempty
closed F -invariant subset of M , i.e., |µ| = M by the minimality of M . And by the same
reason, any F−1-invariant subset of I 2 either contains M or is a subset of I 2 \M , i.e., µ is
ergodic.
Case 1. If P(f ) is not closed, some infinite minimal set Q ⊆ I exists by Proposition 1. Fix
x ∈ Q. Thus, for any y ∈ I , the set ωF (x, y) contains a minimal set M , whose projection
is Q, by the minimality of Q. Thus, M is an infinite minimal set.
Case 2. Let P(f ) be closed and P(F) be not closed. Since π(P (F )) = P(f ), by Propo-
sition 2, there is a periodic point x of f with period p such that P(F) is not closed in Ix .
Because P(Fn) = P(F) for any n ∈ N, the set of periodic points of the interval map
g := Fp|Ix is not closed either. Hence, by Proposition 1, there is an infinite minimal set
Mx ⊆ Ix of the map g. Clearly, M :=⋃pi=1 F i−1(Mx) is an infinite minimal set of the
map F .
To prove the converse implication assume that the support of some ergodic measure
is not a cycle. Since the support of each ergodic measure is a minimal set and any finite
minimal set is a cycle, there exists an infinite F -minimal set M .
Recall that any ω-limit set of each point from the minimal set M is dense in M . Hence,
there is an infinite ω-limit set and this implies, by Proposition 1, P(f ) is not closed. Hence,
by Proposition 2, P(F) is not closed either, a contradiction. If π(M) is a finite f -minimal
set, it is a cycle of a period p. Then, for any x ∈ π(M), M ∩ Ix is an infinite minimal set
for the interval map gx := Fp|Ix . Again, by Proposition 1, P(F) is not closed, which is a
contradiction. 
Lemma 12. Let F ∈ Tm(I). If every regularly recurrent point of F is periodic then the set
of periodic points of F is closed.
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There are two possibilities.
Case 1. The projection of P(F) is not closed, i.e., the periodic set of the base map f
is not closed. Then there is an infinite f -minimal set Q possessing a regularly recurrent
point x, cf., [3]. By Lemma 7, there exists a regularly recurrent point z of the triangular
map F . Since x = π(z) lies in the infinite minimal set Q, it cannot be periodic. Thus,
z ∈ RR(F ) \ P(F), a contradiction.
Case 2. There is a periodic point x such that P(F) ∩ Ix is not closed. Since P(F) =
P(Fn) and RR(F ) = RR(F n) for any n > 0, we may assume that x is a fixed point of f .
Accordingly, F |Ix is an interval map whose set of periodic points is not closed and hence,
by Proposition 1, there is a nonperiodic regularly recurrent point, a contradiction. 
Lemma 13. If F ∈ T (I) then (P11) ⇒ (P18) ⇒ (P19).
Proof. By Proposition 3 and Lemma 9 (or see [5]), if the set of periodic points of F is
closed then any nonwandering point is a periodic point with the period of a power of 2.
Thus (P11) ⇒ (P18). The implication (P18) ⇒ (P19) is obvious. 
Proof of Theorem 1. (i) Let F ∈ T (I). Because the chain recurrent set is closed, P(F) =
CR(F ) implies P(F) = P(F), i.e. (P1) ⇒ (P11). The second implication was shown by
Forti and Paganoni [7].
(ii) In 1992 Kolyada constructed a triangular map F such that P(F) = CR(F ) = {0}×I
is the set of fixed points, which is the ω-limit set of the point (1,1), see [9]. Accordingly,
(P1) ⇒ (P4) and (P11) ⇒ (P4). Moreover, Forti and Paganoni in [7] stated a triangular map
with closed set P(F) and such that every ω-limit set is a fixed point. Due to the existence
of some nonperiodic chain recurrent point, this example shows (P11) ⇒ (P1) and (P4) ⇒
(P1) as well.
(iii) We have already shown that P(F) = CR(F ) implies P(F) = P(F). By Lemma 9,
any periodic orbit is simple and hence, with the period of a power of 2. Thus, (P1) ⇒ (P2).
If any chain recurrent point is a periodic point with the period of a power of 2, then P(F) =
CR(F ) is closed. Thus, Lemma 9 implies (P2) ⇒ (P3). Finally, (P3) ⇒ (P1) is obvious.
(iv) If any ω-limit set is a cycle, then, by [7], P(F) is closed. By Lemma 9, the conclu-
sion follows. The converse implication is obvious.
(v) This is an easy corollary of Lemmas 10 and 11. 
Proof of Theorem 2. By Theorem 1, it remains to show that (P11), (P18) and (P19) are
equivalent. But this is an easy consequence of Lemmas 13 and 12. 
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